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1. INTRODUCTION 
Let Q be the field of rational numbers. For any integer n > 0 let P, 
be the subgroup of GLn(Q) consisting of permutation matrices. The group 
P, may be identified with the symmetric group on n letters. Thus the 
language of permutations can freely be used when referring to elements or 
subsets of P, . 
If u is a permutation on a set of n elements define: 
f(cr) = number of fixed points of CJ. 
m(u) = n -f(u). 
/(r~) is the smallest integer k such that u is a product of k transpositions. 
The definition of L implies that if (5 is a product of pairwise disjoint 
cycles of lengths n, , n2 ,... then 4~) = Z(nj - 1). 
Let G be a finite group. A permutation representation of degree n of G 
is a homomorphism of G into P, . Two permutation representations A 
and B of degree n are permutation equivalent if there exists X in P, with 
X-lA(g) X = B(g) for all g in G. A and B are equivalent if they have the 
same character or equivalently if there exists X in G&(Q) with 
X-‘A( g) X = B(g) for all g in G. 
Throughout this paper a (v, k, h) design or simply a design will mean a 
symmetric balanced incomplete block design. A design is doubly transitive 
if its automorphism group is doubly transitive on the points of the design. 
A design is cyclic if its automorphism group contains a v-cycle when 
considered as a permutation group on the points of the design. 
* The work in this paper was partially supported by the National Science Foun- 
dation. 
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For any integer k > 2 and any prime power q let D,(q) denote the design 
whose points are the points of k dimensional projective space over the 
field of q elements and whose blocks are the hyperplanes of this space. 
Thus D,(q) is a 
f 
4 k+l _ 1 q/i - 1 qk-1 - 1 
q-1 ‘q--l’ q-l 1 
design. Let FL,+,(q) be the group of all non-singular semilinear trans- 
formations on a k + 1 dimensional vector space over the field of q elements 
and let PFLk+,(q) be the factor group of TLkfl(q) modulo its center. 
Then PT,+,(q) is the group of all automorphisms of D,(q) [l, (1 . 4 . 1 I)]. 
Furthermore PGLk+,(q) is a normal subgroup of PI’L,+,(q) and the factor 
group is cyclic of order e where q = p” with p a prime. 
There exists an (11, 5, 2) design, usually denoted by H(ll), whose 
automorphism group is PSL, (11) [I, p. 911. 
The designs D,(q), H(11) and their complementary designs are doubly 
transitive and cyclic. It appears to be an open question as to whether 
any other doubly transitive cyclic designs exist. There do however exist 
other doubly transitive designs [l, p. 951. The most important result in 
this connection is the well-known Ostrom-Wagner theorem [1,(4.4.20)], 
which asserts that a doubly transitive (0, k, 1) design is isomorphic to 
D,(q) or its complement for some prime power q. 
For convenience the following condition from [3] is repeated here: 
(*) The group G has doubly transitive permutation representations A 
and B which are not permutation equivalent such that, for all g in 
G,f(A(g)) > 0 if and only iff(B(g)) > 0. 
The object of this paper is to consider groups satisfying the next 
condition. 
Let 4 ,..., C& , n be integers greater than 1. The finite group G satisfies 
(**) of type (dl ,..., d, : n) or simply satisfies (**) if the following holds: 
(* *) (i) G satisfies (*) with A faithful of degree n. 
(ii) G is generated by a set of elements g, ,..., g, such that gi has 
order di and such that 
(4 Ah ... g,) is an n-cycle, 
(b) Cis=, 44giN = n - 1 = Wk, **. gs>>. 
The following result proved in Section 2 is a direct consequence of 
[3, Theorem 41: 
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THEOREM 1. Suppose that G satisfies (**) of type (dI ,...., d, : n) for 
some integers di , n greater than 1. Then s < 3. Furthermore G satisfies 
(**) oftype (&l) ,...., d,(,) : n)for any permutation u of{l,..., s}. 
Groups which satisfy (**) arose in the work of M. Fried [4,5], where he 
showed that their existence can lead to number theoretic anomalies. Such 
groups certainly exist. Cases (i), (ii), (iii), and (v) of the next result were 
proved by Fried, who actually exhibited the relevant permutations in 
these cases. In Section 4 an indirect proof is given. The proof uses the 
character tables of the various groups and I am indebted to M. Guy and 
J. H. Conway for the character table of X,(2) which apparently had not 
been computed previously. 
THEOREM 2. (i) PSL,(I 1) satisfies (**) of type (2, 3 : 11). 
(ii) PGL,(2) satisfies (**) oftypes (2, 3 : 7), (2, 4 : 7) and (2,2, 2 : 7). 
(iii) PGL,(3) satisfies (**) of types (2, 3 : 13), (2, 4 : 13), (2, 6 : 13) 
and (2,2,2 : 13). 
(iv) PGL,(2) satis$es (**) of types (2, 4 : 15), (2, 6 : 15) and 
(2,2,2: 15). 
(v) PrL,(4) satisjies (**) of type (2,4 : 21). 
(vi) PGL,(2) satisfies (**) of type (2, 4 : 31). 
In view of [3, Theorem l] any group G which satisfies (*) with A faithful 
is a group of automorphisms of a design D which acts doubly transitively 
on the points of D. If, furthermore, G satisfies (**), then clearly D is 
cyclic. If D is a doubly transitive cyclic design and G is a group of auto- 
morphisms of D, then (G, D) is said to satisfy (**) oftype (4 ,..., d, : n) in 
case G satisfies (**) of type (dI ,..., d, : n), where A is the permutation 
representation of G on the points of D and B is the permutation represen- 
tation of G on the blocks of D. For g in G define f(g) = f (A(g)), 
m(g) = mMgN and 0) = W(g)). 
It is an open question whether there exist infinitely many groups G 
which satisfy (**). The bulk of this paper is concerned with determining 
which of the known doubly transitive cyclic designs D admit groups of 
automorphisms G such that (G, D) satisfies (**) and to list these groups. 
The following result is proved in Section 5: 
THEOREM 3. Let D be one of the designs H(11) or D,(q) and let G be a 
group of automorphisms of D such that (G, D) satisfies (**). Then D is one 
of the designs H( 1 l), D,(2), D,(3), D,(4), D,(2), or D,(2) and G is the group 
of all automorphisms of D. Furthermore, the only possible types are those 
mentioned in Theorem 2 (up to a permutation of the d,). 
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The following result is a simple consequence of known facts and a proof 
will be sketched here. 
THEOREM 4. Let D be a doubly transitive cyclic (v, k, h) design with 
k < 50 which is not isomorphic to H( 11) or D,(q) for any m, q. Then (v, k, h) 
is either (109, 28, 7) or (133, 22, 8). 
Proof. By the Ostrom-Wagner theorem, h > 1. By the results of [6] 
and [lo] there are exactly 23 sets of possible values for the parameters 
(v, k, h) with X > 1 and k < 50. By (2.3.35)(d) of [I], neither k nor k - h 
can be a prime. By (2.3.35)(e) of [l], D cannot have the same parameters 
as D,(q) for any prime q. This eliminates all but 5 sets of possible values 
for (v, k, h) and implies that if the conclusion of the theorem does not hold 
then (0, k, h) is one of (85, 21, 5), (79, 39, 19), (71, 35, 17). In these cases 
there is a unique cyclic design with the given parameters according to [6]. 
Thus in the first case D = D,(4) contrary to assumption. In the remaining 
cases D does not admit a double transitive automorphism group by 
(2.4.13) of [I]. The proof is complete. 
As an immediate corollary of Theorems 3 and 4 one has: 
THEOREM 5. Suppose that G satisfies (**) with A of degree n < 101. 
Then G is one of the groups mentioned in Theorem 2 and the type is as in 
Theorem 2. 
2. PROOF OF THEOREM I 
LEMMA 2.1. Let p be a prime and let e, w be positive integers. Let (T be 
a permutation of order pew. Then 
Furthermore 
t(u) > f(P) 3 (1 - $) m(gW9c-1) > $m(oZUBe-‘). 
Proof. The expression for e(u) is an immediate consequence of the 
orthogonality relations for characters. The first and last inequality are 
immediate. The middle inequality follows from the fact that when u” is 
written as a product of pairwise disjoint cycles then exactly (I/p”) m(crwp’-‘) 
cycles of length pe occur. 
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Proof of Theorem 1. By [3, Theorem 31 and Lemma 2.1, &t(g)) > n/4 
for any g in G, g # 1. Thus Ci=, e( gi) = n - 1 < iz implies that s < 3. 
Suppose that G satisfies (**) of type (dl ,..., d, : n). Conjugating by g, 
shows that G satisfies (**) of type (d2 ,..., d, , dl : n). Replacing the n-cycle 
by its inverse shows that G satisfies (**) of type (dS ,..., dl : n). Since s < 3 
this proves Theorem 1. 
3. SUBGROUPS OF rL,+,(q) 
Throughout this sectionp is a prime, q = p”, k is an integer with k > 2, 
and G is a subgroup of I’Lk+l(q). Let G denote the image of G in PrLk+,(q). 
Let A be the permutation representation of G on the points of D,(q). Thus 
A may be considered as a faithful permutation representation of G. If g is 
in G let g denote the image of g in G. Define f(g) = f(A(g)), 
m(g) = m(A(gN, and l(g) = W(d). 
If g is in GLk+l(q) and a is a characteristic root of g, let N(g, a) be the 
dimension of the space of characteristic vectors of g corresponding to Q. 
Thus if 01 is not in the field of q elements then N(g, a) = 0. If a: is in the 
field of q elements and g is an element of order prime to p then N(g, IX) 
is the multiplicity of 01 as a characteristic root of g. 
Since the field of q elements is an e dimensional vector space over the 
field ofp elements there is a natural imbedding of .FLkfl(q)into GL(,+,),(p). 
The aim of this section is to prove the following result which gives most 
of Theorem 3: 
THEOREM 3.1. Let g, , g, E FL,+,(q) with g,g, E GLk+l(q). Let jji haue 
order ci and let H be the group generated by g, and g, . Assume that ci # 1 
for i = 1, 2 and either cl > 2 or c, > 2. Assume further that H is an 
irreducible subgroup of GL(,+,),(p) and 
C(gJ + C(g,) = q’qtl_i l - 1 = :“,“I ;; 4. 
Let Ni = N(g, , 1) for i = 1, 2. Then one of the following is satisjied: 
(I) k=2andq<3. 
(II) k = 2, q = 4. R C PSL,(4). 
(III) k = 2, q = 4. cl = 2, c2 = 4, Qg,) = 7, 4 gz) = 13 and 
B g PGL,(4). Furthermore ifg @ PGL,(4) then C(g) > 7, 8(g) = 7 ifg has 
order 2 and l(g) > 11 ifg has order 4. 
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(IV) k = 3, q = 2 and one of the following holds: 
(i) c1 = 2, c2 = 3, and N1 = Nz = 2. 
(ii) c1 = 2, c2 = 3, N1 = 3, and N, = 0. 
(iii) c1 = 2, c2 = 4, and N1 = Nz = 2. 
(iv) c,=2,c,=4,N1=3,andN,=1. 
(v) c,=2,c,=6,N1=3,andN,=1. 
(V) k = 4, q = 2, c1 = 2, c2 = 4, N1 = 3, N, = 2, and 
N(g,2, 1) = 4. 
This theorem will be proved in a series of lemmas. The first two are 
purely numerical. 
LEMMA 3.2. If x 3 y > 0 and z 3 0 then 
(p” - 1) + (p” - 1) < pe+y - 1, 
(p” - 1) + (p” - 1) < (p=+Z - 1) + (p”-” - 1). 
ProoJ Clear. 
LEMMA 3.3. Let d1 and d2 beprimepowers greater than 1 and not both 2. 
Let ai , bi , s be integers with s > 3 such that 
(3 ai 3 ai+l , bi 3 bi,l for all i, 
(ii) Za,<s,Zb,<s,andb,<a,,(s-I. 
Assume that 
(1 - +)I1 - ~(,pp~-l’) 1 + (1 - -&)1’ - zbqbL-ll) 1 < 1. 
Then one of the following holds: 
(i) p,(7anda,=s-1. 
(ii) p=5ands=3. 
(iii) p = 3 and s < 4. 
(iv) p = 2 and s < 8. 
(v) p = 2 and a, = s - 2. 
Proof. For s, y, u, u > 1; u, v < p8 - 1 define the function 
F = F(x, y, u, v) = (1 - $)(l - +) + (1 - ;)(I - $q). 
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Clearly F is monotonic increasing in x, and y, F is monotonic decreasing 
in u and 0. Let M be the larger of Z(pQ - l), Z(p”i - 1). By assumption 
F(2,3, M, M) < F(d, , d3, Z(pai - l), Z(pb” - 1)) < 1. 
Since 
F(2,3, M, M) = ; (1 - +j 
this implies that 
p”<7M+l. (1) 
Let a, = a. Suppose that a < s/2. By Lemma 3.2, M < 2(psi2 - 1). 
Thus (1) implies thatp” < 14pS12 and sops < 196. Since s 3 3 this implies 
thatp=5,~=3,orp=3,~<4orp=2,~<8asrequired. 
Suppose that a > s/2. Then by Lemma 3.2, M < pa + p”-” - 2. Thus 
(1) implies that 
p” < 7(p” + p”-“) - 13 < 14p”. (2) 
Hence~+~ < 14 and so s - a < 3. 
Ifs-u=3thenp==2by(2)and 
2” = 2” - 7 ’ 2a < 7 ’ 28-a = 56. 
Hence a < 5 and s < 8. 
Ifs - a = 2 thenp = 2 or 3 by (2). Ifp = 3 then (2) implies that 
2 . 3a = 3s - 7 . 3” < 7 . 3”-a - 13 = 50. 
Thus a < 2 and s < 4. Ifp = 2 then a = s - 2 as required. 
If s - a = 1 then (1) implies that (p - 7) p5 < 7p - 13. Hence if 
p > 7 then 
36 
49<p2<pa<7++--- p-7 <43, 
which is not the case. Thus p < 7. 
From now on throughout this section it is assumed that the hypotheses 
of Theorem 3.1 are satisfied. 
LEMMA 3.4. Let ai range over the field of q elements. Let g E rL,+,(q) 
and let V be the underlying (k + 1) dimensional vector space over thejield 
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of q elements. For each i let Vi = {v 1 v E V, vg = CX~V}. Then each Vi is a 
vector space over theJield of p elements. Furthermore ifa+ is the dimension 
of Vi over theJield of p elements then Z(p”i - 1) = 0 (modp” - 1) and 
m(g) = 
. 
Proof. Clearly Vi is a vector space over the field of p elements. If 
v E Vi and /3 is in the field of q elements then @a) g = p’aiu where /3’ is a 
conjugate of /3 with respect to some automorphisms of the field. Thus a 
one dimensional subspace over the field of q elements is preserved by g if 
and only if it contains a non-zero vector in some Vi . Hence 
f(g) = j+-+(P.’ - 1). 
The result follows sincef(g) is an integer. 
LEMMA 3.5. q < 7. 
Proof. Let hi be a power of gi which has prime power order di 
such that di # 1 for i = 1, 2 and dl # 2 or d, # 2. Let s = (k + 1) e, 
let the integers ai be defined for h, as in Lemma 3.4, and let the integers 
bi be defined analogously for h, . Choose the notation so that ai > ai+l , 
bi > bi+l for all i and a, >, b, . By Lemmas 2.1 and 3.4 
s [(l - $11 - ,yyl 1) 1+ (1 - $11 - yQ1) 11 
Thus all the hypotheses of Lemma 3.3 are satisfied. Hence p < 7 by 
Lemma 3.3. 
If a, = s - 1 then by Lemma 3.4 
(p”-1 - 1) + x(p - 1) = 0 (modpe - l), 
where x = 0 or 1. Since p” = 1 (mod pe - 1) this implies that 
(xp - l)(p - 1) = 0 (modp” - 1). 
Since (xp - I)(p - 1) < p2 - 1 this implies that e = 1 and so q < 7 in 
this case. 
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If s < 5 then e = 1 since s = e(k + 1) and k 3 2. Therefore q =p < 7 
except possibly in case (iv) or (v) of Lemma 3.3. In either of these cases 
p = 2. It remains to show that e < 2. In case (iv) this is obvious as k 3 2 
and e(k + 1) < 8. 
Assume that case (v) of Lemma 3.3 holds. Thus by Lemma 3.4 
25-2 - 1 + x z 0 (mod 2” - 1) for some x with 0 < x < 3. Since 25 = 1 
(mod 2” - 1) this implies that 4x = 3 (mod 2e - 1). Since x < 3 it 
follows that e < 3. If e = 3 then x = 6 (mod 7), which is impossible 
for 0 < x < 3. The result is proved. 
Lemma 3.5 implies in particular that q = p or q = 4. In the former case 
rL,+l(q) = GLx+l(q). In any case any element of odd order in rLk+l(q) is 
in GLk+,(q) for all q ,( 7. 
LEMMA 3.6. Let g E GLk+,(q). For cy in the field of q elements let 
N(a) = N(g, a). Then 
where 01 ranges ouer the field of q elements. In particular if N@) = k for 
some p and g is a p-element then m(g) = qk. 
ProoJ Clear. 
LEMMA 3.7. If g E rLk+1(q), g f 1, then m(g) 3 9” - 1. 
Proof. If q = 4 then 22k+1 - 1 + x + O(mod3)forx = Oorl.Thus 
Lemmas 3.2, 3.4 and 3.6 imply that in any case 
m(g) 3 
qk+l _ 1 
q--l 
_ (4" + q - 2, = qk- 1. 
q-1 
LEMMA 3.8. clcz is not divisible by any prime greater than 3. 
Proof. Suppose that d is a prime, d > 3, and d divides c, . Let h be a 
power of g, so that j? has order d. By Lemma 3.7 
l(h) < &gl) = ‘3 q - Qg,) < ‘s q - v = (” ;ql”“l;: I) . 
(3) 
Suppose that d does not divide q. Let x be the smallest integer with 
q” = 1 (mod d). Hence x > 2. By Lemma 3.6 
m(h) > ’ 
k+l _ 
4 
k+l-x 
q-l . 
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4 (q k+l - q”+l-=) 
5 q-1 
< [(A) < (4" - l)(q + 1) 
2(q - 1) . 
Hence 
3q”+l< 5q” + 8qk+l+ - 5q - 5 < 5q” + 8q”-I. (4) 
This implies that 3q2 < 5q + 8 and so q < 3. Hence q = 2 and (4) 
becomes 
2k < 8 . 2”+‘-x _ 15 < 2”+4-x 
Thus x < 4. Since 2” = 1 (mod d) it follows that x = 3 and d = 7. 
Hence (3) implies 
3 . 2”-1 = f(2”fl - 2”+1-“) < e(h) < g2’” - 1) 
and so 2’” < 2” - 1, which is not the case. 
Suppose that d divides q. Hence d = q and q = 5 or 7. Hence by 
Lemma 3.6 m(h) 3 q”. Therefore 
(q - 1) q”-1 < I < (qk ,;““; l) 
and so 
4 k+l + 2q”-l < 5qk - q - 1 < 5q”. 
Hence q2 + 2 < 5q, which is not the case for q = 5 or 7. 
LEMMA 3.9. ci is not divisible by 9 for i = 1 or 2. 
Proof. Suppose that 9 divides c1 . Let h be a power of g, such that h 
has order 9. By Lemma 3.7 
(8 + Nqk - 1) < 4gd + 472) = ‘q; 1 yq . 
Thus 
Hence 
25(q - 1) < 18q. 
4 < 3. 
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Suppose that 4 = 3. Then h has at least one Jordan block of size at 
least 4. Let h, be an element of order 9 in GLkfl(3) with one Jordan block 
of size 4 and N(h, , 1) = k - 2. Then m(h,) = 13 . 3”-2 and m(h13) = 3”. 
Thus 8(A) >, /(A,) = 32 . 3k-3. By Lemma 3.7 
32 . 3k-3 < t(h) < L’(gl) < ($ - &)(3” - l), 
which is not the case. 
Suppose that q = 2. Let k, be an element of order 9 with 
N(h, , 1) = k - 5. Then m(h,) = rn(I~,~) = 63 . 2k-5. Hence 
7 . 2”-2 = $63 - 2k-5 = t(hl) < l(h) < &gl) < (2 - +)(2k - 1) < 3 . 2k-1, 
which is not the case. 
LEMMA 3.10. rf g E r&+,(q) and 6 divides the order of g then 
t(g) >, $(qk - 1). If 8(g) = $(qk - 1) then g has order 6 and f(g) = 
f (g”) = f (g”). If 6 divides ci for i = 1 or 2 then q < 4 and if q = 4 then 
gi $ GLk+d4) and&d = %qk - 1). 
Proof. Let h be a power of g such that h has order b. Let x, y, z, 
respectively, be the number of 2-cycles, 3-cycles, 6-cycles, respectively, 
in A(h). By Lemma 3.7, m(h2), m(h3) > qk - 1. Thus 3y + 62 3 q” - 1 
and 2x + 62 >, qk - 1. Therefore 
l”(g) 3 x + 2y + 5z 2 x + y + 5z = &(2x + 62) + $(3y + 62) 
> $(q” - 1). 
If equality holds then y = 0. Hence 62 = q” - 1 = 2x + 6~ and so 
x = 0. Thus fi = g has order 6 and f (g) = f (g2) = f (g3). 
Suppose that 6 divides c1 . By Lemma 3.7 
(Q + S)(qk - 1) < &g,) + Qg,) = (;; I :1” . 
Hence q < 4. If q = 4 equality holds and so f (g,) = f (glz) = f ( g13). If 
g, E GLk+,(4) then g is a linear transformation whose order is divisible 
by 6. It is easily seen that f (g13) > f(g) in this case. The result is proved. 
LEMMA 3.11. q # 7. 
Proof. Let q = 7. If 4 divides ci for i = 1 or 2 then Lemma 3.7 implies 
that (4 + 8) < s. If 3 divides both c1 and c2 then Lemma 3.7 implies that 
3 < $. Thus by Lemmas 3.8, 3.9, and 3.10 it may be assumed that cI = 2 
582+4/2-7 
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and c2 = 3. Let x be the maximum multiplicity of a characteristic value 
of g, . Then 
- _ dg1) 2 -- 7”+1 7” 7Ic+1-2 + 1 
6 
Thus by Lemma 3.7 
7”+1 - 7” - 7k+l--z + 1 
12 + $(7” - 1) < 9(7* - 1). 
Hence 7” < 7” + 7k+1-x and so either x < 1 or x 3 k. Since g12 is a 
scalar x = 0 or x = k. If x = 0 then m(gl) = (7”fl - 1)/6 and so 
/(g,) > llz(7k - 1), and Lemma 3.7 implies that (& + $) < 8 which is not 
the case. Thus x = k and /(g,) = (7’” - 1)/2. Hence /(gJ = 9(7k - 1). 
It may be assumed that g, has order dividing 9. Let y, z, w  be the 
multiplicities of the distinct characteristic roots of g, which lie in the field 
of 7 elements. Choose the notation so that y 3 z > W. Then 
Thus 
4gd = 
7kfl _ 7%~ _ 7” _ 7” + 2 
9 
6 . 7k - 6 = 9d’(g,) = 7”f1 - 7v - 7” - 7” + 2. 
This implies that 7” + 8 = 7g + 7” + 7”. Hence y = k and so z = 1, 
w  = 0. Consequently both g, and g, have k dimensional subspaces 
corresponding to a characteristic value. Therefore H has a (k - 1) 
dimensional invariant subspace contrary to the irreducibility of H since 
k > 2. 
LEMMA 3.12. q # 5. 
Proof. Let q = 5. If 3 divides both cl and c2 Lemma 3.7 implies that 
Q < 2. Suppose that 4 divides c1 . Let h be a power of g, so that fi has 
order 4. By Lemma 3.7 
(4 + $)(Sk - 1) < e(h) + {(g,) G %5k - 1). 
Thus /(gl) = l(h) and so g, = h. Furthermore /(gl) = $(5” - 1) and 
&(g,) = $(sk - 1). Thus c2 = 2. Also 
ml) =fkz) =fW) = y * 
Hence by Lemma 3.4 g, and g, each have a k dimensional subspace 
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corresponding to a characteristic value and so H as a (k - 1) dimensional 
invariant subspace contrary to the irreducibility of H since k >, 2. 
Thus by Lemmas 3.8, 3.9, and 3.10 it may be assumed that ci = 2 
and c2 = 3. Let h be a matrix of order 3 with iV(h, 1) = k - 1. Then 
rq g,) > C(h) = 4 . 5k-1. 
Hence by Lemma 3.7, 4 . gk-l < (2 - 4) 5” and so 16 . 5k-1 < 3 . 5k, 
which is not the case. 
LEMMA 3.13. Let q = 4. Then k = 2 and one of the following must 
occur: 
(i) R C PsL,(4). 
(ii) gl , gz 4 PGL,(4). c1 = 2, c2 = 4, Qg,) = 7 and 8( gJ = 13. 
Furthermore ifg # PGL,(4) then 8(g) = 7 ifg has order 2, e(g) 3 11 ifg 
has order 4 and 8( g) > 7 in any case. 
Proof. Let g E rL,+,(4), g $ GLR+1(4). If vg = CYU for 01 in the field of 
4 elements then (a%) g = CA. Hence each one dimensional invariant 
subspace over the field of 4 elements contains exactly one non-zero 
invariant vector. Therefore f(g) is the number of non-zero invariant 
vectors. Let t be the linear mapping which consists of multiplication by a 
primitive cube root of unity. Then g-ltg = t-l. Let H, be the group of 
linear transformations on the 2(k + 1) dimensional vector space over the 
field of 2 elements generated by g and t. Since t acts without non-zero 
fixed points it follows thatf(g) \( 2”+’ - 1 and so 
dg) >, 
4”+1 _ 3 . 2k+l + 2 
3 * 
Furthermore equality holds if g2 = 1. 
Lemma 3.7 yields the following inequalities. If 4 divides both c1 and c2 
then Q < 8. If 8 divides either c, or c2 then -8X < Q. If 3 divides c1 and 4 
divides c, then +$ < 3. 
If 6 divides c2 let h be a power of g, such that h has order 6. Thus 
Lemma 3.7 implies that 
8(h) < /(g,) = $(4” - 1) - [(g,) < (Q - &)(4” - 1) = 9(4k - 1). 
By Lemma 3.10 this implies that g, = h $ GLL+I(4) and f(h) = f(h3). 
Thus h and h3 have the same number of non-zero invariant vectors, 
which is not the case. Hence it may be assumed that c1 = c2 = 3 
or c, = 2 and c, = 3 or 4. Furthermore if ci = 2 or 4 then gi has order ci . 
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Suppose that H $ GLkfl(4). Then gi $ GL,+,(4) for i = 1, 2 and so ci 
is even for i = 1,2. Thus c, = 2, q = 4. Hence 
&l) = 
2.4”-3.2”f1 
3 * 
By Lemma 3.6 m(gzz) > 4”. Thus 
Therefore 
19 . 4”-l - 6 . 2” + 2 < 3e(g,) + 38(gz) = 4”+’ - 4. 
This implies that 22k-2 < 2”+r - 2 and so k = 2. Hence /(gl) = 7 and 
so &(g2) = 13. Furthermore if g $ GLk+l(4) then 8(g) = 7 if g has order 2, 
8(g) 3 11 if g has order 4 and 8(g) > 7 in any case. 
Thus it may be assumed that H C GLk+,(4). 
If c, = c2 = 3 then Lemma 3.7 implies that /(g,) = [(g,) = $(4k - 1) 
and so 
fkl) = fk2) = y + 1. 
Hence g, and g, each have a k dimensional subspace corresponding to a 
a characteristic value. Thus H has a (k - 1) dimensional invariant sub- 
space contrary to assumption as k 3 2. 
Thus it may be assumed that c1 = 2 and c2 = 3 or 4. 
Suppose that c2 = 4. Then m(g& > 4” and r!(g,) 2 2 . 4”-l. Let h 
be an element of under 4 with one Jordan block of size 3 N(h, 1) = 
k - 1. Then m(h) = 5 . 4”-l and m(h2) = 4”. Thus c?(h) = 14 * 4k-2. 
Therefore 
22 * 4”-’ < &,) + l(h) d &s) + &z) < 
4kfl - 4 
3 . 
Thus 66 < 43. Hence c, # 4 and so c2 = 3. 
Let g, have x Jordan blocks of size 2. Let y, z, w  be the multiplicities of 
the characteristic roots of g, which lie in the field of 4 elements. Choose 
the notation so that y 3 z > w. Then 
4k+l -64”f’-z + ; [ 4”+1 - 4y -34’ - 4w + 2 1 = e(gl) + l(g2) 
4kfl - 4 
= 
3 . 
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Hence 
4k = 3 . 4k-” + 4~ + 4” + 4w - 8. (5) 
Since k - x < k - 1 this implies that 4”-l < 4Y + 4” + 4”’ and so 
y=k-11.Hencew,(1andz~1.Then(5)becomes 
3 . a”-1 = 3 . qk-z + 4” + 4” _ 8. 
Hence 4”+4”-0 (mod 4) since k--x31. Thus z=w=l and 
x = 1. Hence g, has a k dimensional subspace consisting of invariant 
vectors and g, has a (k - 1) dimensional subspace corresponding to a 
characteristic root. Therefore H has a (k - 2) dimensional invariant 
subspace and so k = 2. Thus y = 1. Consequently the characteristic 
roots of gz are a, $3, c&P where p is a primitive cube root of unity and a: is 
a non-zero element in the field of 4 elements. Therefore g E S&(4) and 
so R c PSL,(4). 
LEMMA 3.14. If q = 3 then k = 2. 
Proof. Let q = 3. Suppose that 4 divides c1 . Let h be an element of 
order 4 with k - 1 characteristic values equal to 1. Then m(h) = 4 * 3”-l, 
m(h2) = 4 . 3k-1 - 4. Thus f(h) = 3k - 1. By Lemma 3 . 7 
3” _ 1 + 3k - l - B 4hJ + 4g,) < 4gd + W = Q(3” - 11, 2 
where h, is a power of g, such that I;, has order 4. Since equality holds 
hl = g, has k - 1 characteristic values equal to 1, gZ2 = 1 and g, has a 
k dimensional invariant subspace. Thus H has a (k - 2) dimensional 
invariant subspace and so k = 2. 
Suppose that c1 = c2 = 3. Let x, y be the dimension of the space of 
invariants of g, , g, respectively. Choose the notation so that x 3 y. Then 
2 * 3” - 3x-1 - 3y-1 = L(g,) + Qg,) = 3k+12- 3 . 
Therefore 3k = 2 . 3”-l + 2 * 3Y-l - 3. Hence x b k and so x = k. 
Thus 3”-l = 2 . 3+l - 3. Therefore y = k = 2. 
Suppose that c, = 2 and c2 = 3. Let x = N(g, , 1) and let y be the 
maximum multiplicity of a characteristic root of g, which lies in the field 
of 3 elements. Then 
3"+' - 3~ - 37+1-y + 1 + 4 . 3k - 4 . 3x-l 
< 4l(g,) + 41(g2) = 2 . 3k+’ - 6. 
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Hence 
3k < 3~ + 3”+1-Y + 4 * 3=-l - 7. (6) 
The irreducibility of H implies that x + y < k + 1. If y = k then x = 1 
and so k = 2 since gz3 = 1. If 2 < y < k - 1 then (6) and Lemma 3.1 
imply that x < k - 1 and 
3k ,( 3”-1 + g + 4 . 3X-1 - 7 < 3”-” + 2 + 4 ’ 3k-2 < 7 ’ 3k-2 + 2. 
Thus k = 2. Suppose that y < 1. Since g12 = 1 and q = 3 the only 
characteristic roots of g, in the field of 3 elements are 4~ 1. Hence 
f(g,) = z ,( 2. Thus 
3t+1 - 1 
&l) = 4 - ;. 
Since /(g,) = 3” - 32-l it follows that 
3k = 4 . 3x-l + 22 - 5 < 4 * 3=-l. 
Hence x > k and so x = k. Therefore 3”-l = 5 - 22 < 5. Thus k = 2. 
Therefore Lemmas 3.8 and 3.9 imply that c2 = 6. If cl = 3 or 6 then 
Qg,) > 2 - 3k-r and Lemma 3 . 7 implies that 2 . 3%-l < ($ - +j)(3” - I), 
which is not the case. Therefore cl = 2 and c2 = 6. 
Let h be an element with one Jordan block of size 2 of order 6 and 
N(h, 1) = k - 1. Then m(h) = 4 . 3”-l - 1, m(h2) = 3”, and m(h3) = 
4 . 3k-1 - 4. Thus there are (3” - 3)/6 6-cycles, one 3-cycle, and 
(3”-l - 1)/2 2-cycles in A(h). Therefore z@) = 3k - 1. 
Let (y, z} = {iV(g, , l), N(g, , -1)) with y > z. Then 
4g1) = 
3"+1 _ 3~ _ 32 + 1 
4 
Thus 
3”+1 - 3~ - 32 + 1 + 4 - 3” - 4 < 4/(gl) + 4/(h) 
< 4t( gl) + &‘(g,) < 2 - 3”+l - 6. 
This implies that 3k < 3Y + 3” - 3. Hence y = k and z = 1. Therefore 
equality holds and g, has a (k - 1) dimensional space corresponding to 
a characteristic value. Since y = k it follows that H has a (k - 2) 
dimensional invariant subspace and so k = 2. 
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LEMMA 3.15. Let q = 2. Then one of the following possibilities occurs: 
(I) k = 2. 
(II) k = 3 and one of the following holds: 
(i) c1 = 2, cZ = 3, N( g, , 1) = 2, fV(g, , 1) = 2. 
(ii) c1 = 2, c2 = 3, N(g, , 1) = 3, N(g, , 1) = 0. 
(iii) c1 = 2, c2 = 4, N(g, , 1) = 2, N(g, , 1) = 2. 
(iv) c1=2,c,=4,N(g,,1)=3,N(g,,1)=1. 
(v) cl = 2, c2 = 6, N( g, , 1) = 3, iV(g, , 1) = 1. 
(III) k = 4, c, = 2, ce = 4, N(g, , 1) = 3, N(g, , 1) = 2, 
N(gz2, 1) = 4. 
Proof. PrLk+l(2) = SL,+,(2). Suppose that 8 divides c, . Let h be an 
element with one Jordan block of size 5 and N(h, 1) = k - 3. Then 
f(gl) >, 8(h) = 23.2k-4. By Lemma 3.7, 23.2k-4 + 2”-l < 2k+1 - 2. 
Therefore 8 does not divide ci for i = I, 2. Hence, by Lemmas 3.8, 3.9, 
and 3.10, ci divides 12 for i = 1,2. 
Let h, be an element of order 2 with N(h, , 1) = x. Then 
t(h,) = 2” - 2”-l. 
Let h, be an element of order 3 with N(h, , 1) = y. Then 
2"+2 - 2~fl 
03) = 3 > 2”. 
Let h, be an element of order 4 with u, v, w  Jordan blocks of size 2, 3,4, 
respectively. Then f(h4) = 2k+1-u-2v-3w - 1 and f(/~~) = 2”+1-Q-2W - 1. 
Hence Lemma 2.1 implies that 
f(h4) = 3 . 2k-1 _ 2k-I-“-2w _ 2k-u-2,u-3w > 2k. 
Since t(gl) + /(g,) = 2”+l - 2, this implies that ci = 2 for i = 1 or 2. 
Let c1 = 2 and let g, = h, . Suppose that Case (I) of the lemma does not 
occur. Thus k > 3. 
Suppose that c2 = 3. Let g, = h, . Since /(g,) + [(g,) = 2k+1 - 2 one 
sees that 
2"-1 = 2~ + 3 . 2x-2 - 3 (7) 
Ifx<2thenby(7)x=2andy=k-l.Sincek+l G2xthisyields 
Case (II)(i) of the lemma. Suppose that x > 2. By (7) y = 0 and 
2k-l = 3 . 2x-2 - 2. Thus x = k = 3 and Case (II) of the Lemma 
occurs. 
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Suppose that c2 = 4. Let g, = h, . Then 
2k-1 = 2k-I-v-m + 2k-u--2v-3w + 2X-l _ 2. 
(8) 
If x < 2 then k = 3 since k + 1 < 2x. Furthermore x = 2. Thus u = 0 
and u + w  = 1. Now (8) implies that w  = 0 and so v = 1. Case (II)(iii) 
of the lemma occurs. Suppose that x > 2. Hence k - u - 2v - 3w < 1 
by (8). If k - u - 2v - 3w = 0 then (8) implies that k - 1 - v - 2w = 0. 
Thus u = 0, u + w  = 1 and (8) becomes 2”-i = 2$-l. Since x = k and 
H is irreducible it follows that g, has only one Jordan block. Thus w  = 1, 
k = 3 and Case (II) of the lemma occurs. Assume finally that 
k - u - 2v - 3w = 1. Then (8) becomes 
Hence 
2k-1 = 2k--1G-v--2w + 2x-1 
x-l=k-1-v-2w=k-2. 
Therefore x = k - I and u + 2w = 0. Thus w  = 0 and v = 1. This 
implies that 
k--=2v+3w+1=3. 
Since H is irreducible and x = k - 1 it follows that g, has at most 2 
Jordan blocks. If u = 0 Case (II)(iii) of the Lemma occurs. Suppose that 
u # 0. Then u = 1 and k = 4. Thus x = 3 and Case (III) of the lemm 
holds. 
Therefore c2 = 6 or 12. A faithful indecomposable module for a cyclic 
group of order 6 over the field of 4 elements has dimension 4. Let h be an 
element of order 6 which has a 4 dimensional indecomposable summand 
with N(h, 1) = k - 3. Then 
f(h) = 2k-3 - 1, f(h2) z 2”-3 - 1, f(h3) = 2”-l - 1. 
Thus Lemma 2.1 implies that f(h) = 3 . Z”-l. If either g, or gz2 has such a 
component then /(g2) > 3 . 2k-1. Therefore 
2”+1 < 3 . 27+1 + 2” - 2=-l < E(g,) + /(g,) = 2k+l - 2. 
Consequently neither g, nor g22 has such a component. Hence every 
component of g, has either g24 or g23 in its kernel. 
Suppose that c2 = 6. Let z be the number of Jordan blocks of size 2 
of g, which have g23 in their kernel. Let y be the multiplicity of a primitive 
cube root of unity as a characteristic root of g, . 
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Then 
fcg2) = 2k+1--2~~2 _ 1, f(g22) = 2”+1-2y - 1, f(g23) = 2L+1-z - 1. 
Therefore by Lemma 2.1 
3 . 2”fl - 6 - 3 . 2k + 3 . 2x-l 
= 3 . 2”fl - 6 - 3t(g,) = 3f(g,) 
= 5 . 2k _ 'Jk+l-Zy-z _ 2”+1-2y _ 2k-z 
Consequently 
2” = 2k-2y-z + 2k-2” + 2k-z-1 + 3 . 2x-2 _ 3. (9) 
Reading modulo 2 implies that either x = 2 or k = 2y + z. If x < 2 
then k + 1 < 2x = 4 and so k = 3. Furthermore (9) implies that 
8 = 23-2y--2 + 23-2~ + 22-s 
Hence 2y + z < 3 and so either y = 0 or z = 0, which is not the case. 
Thus x > 2. Hence k = 2y + z. Since k + 1 > 2y + 22 this implies 
that z = 1. Hence 2y = k - 1 and (9) becomes 2” = 2k-2 + 3 . 2”-2. 
Therefore x = k. 
Let V be the (k + 1) dimensional underlying vector space. Let W be 
the (k - 1) dimensional subspace of V which is sent into itself by g, and 
on which g22 has no non-zero fixed elements. Let U be the k dimensional 
subspace of V consisting of all vectors fixed by g, . Let 
u, = u n ug22 n ug24. 
Then U,, has dimension at least k - 2 and is preserved by g, and g22. Thus 
U, n W has dimension at least k - 4 and is preserved by g, and gs2. 
Since gz3 acts trivially on Wit follows that U,, n W is invariant under H. 
Thus k < 4. As k - 1 = 2y is even it follows that k = 3. Hence x = 3 
and Case (II)(v) of the lemma occurs. 
Suppose that c2 = 12. Let U, v, w  be the number of Jordan blocks of 
size 2, 3, 4, respectively, of g, which have g23 in their kernel. Let y be the 
multiplicity of a primitive cube root of unity as a characteristic root of g, . 
Then 
fk2) = 2 k+l-u-Zv-3w-2y _ 1 > f(g22) = 2k+l--v--2w--2y - 1 9 
f(g23) = 2k+l--u-2w-3w _ 1 
, f(gz") = 2kfl-2” - 1, 
f(g26) = 2k+l-+-2w - 1. 
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Therefore Lemma 2.1 implies that 
12f(g,) = 11 . 2 k+l _ 2k+3--u--2v--3w--2y _ 2k+2-v-2w-2y 
_ 2k+Z--u--2v-3~ _ 2k+2-2Y _ 2k+l-v-‘&z 
= 12 . 2”+l - 24 - 12/(g,) 
= 12 . 2”+l - 24 - 12 . 2k + 12 . 2”-l. 
This yields that 
5 . 2k-2 = 2k--u-Zv-3w-2y + 2k-1--a-2w--2y + 2k-1-u-Zu-3w + 2k-1-Z’ 
+ 2k--2-u--2w + 3 . 2x-2 _ 3. 
The first two terms on the right are at most 2”-* and the next three terms 
are at most 2k-3. Therefore 2k-2 < 2x-2 - 1. Thus x > k, which is 
impossible. The proof is complete. 
Theorem 3.1 is a consequence of the lemmas in this section. 
4. SOME EXAMPLES 
The results in this section will, among other things, provide a proof of 
Theorem 2. 
LEMMA 4.1. Let D be one of the designs H(1 l), D,(q) for q = 2, 3,4, 
D3(2) or D,(2). Let G be a group of automorphisms of D which is doubly 
transitive as a permutation group on the points of D and contains a regular 
cyclic subgroup. Then either D = D,(4) and G = PGL,(4) or G is the full 
automorphism group of D. 
Proof. Let D = H(11). Since G is doubly transitive 110 1 ( G I. Hence 
1 PSL,(ll) : G 1 < 6. Since PSL,(ll) is simple and has order divisible 
by 11 it cannot be isomorphic to a permutation group on 6 letters. Thus 
G = PSL,(l 1). 
Let D = D,(q). Then PSL,(q) C G [1, (1.4.33)]. The result is proved in 
case q = 2 or 3. If q = 4 then PGL,(4) C G since G contains a cyclic 
subgroup of order 21. 
Let D = D,(2). The only doubly transitive subgroup of PGL,(2) = 
PSL,(2) which is not equal to PGL,(2) is isomorphic to the alternating 
group on 7 letters and so does not contain an element of order 15 [l, p. 391. 
Thus G = PGL,(2). 
Let D = D,(2). Let P be a subgroup of G of order 31 and let N be the 
normalizer of P in G. Since G has no normal subgroup of index 31 a 
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theorem of Burnside implies that N # P. Thus / N / = 5 . 31. Since G 
is doubly transitive 930 1 1 G 1. By Sylow’s theorem I PGL,(2) : G I = 1 
(mod 31). Since 1 PGL,(2)1 = 21° . 9 . 5 . 7 . 31 it follows that either 
G = PGL,(2) or I PGL,(2) : G / = 32. However the character table of 
PGL,(2) shows that PGL,(2) has no subgroup of index 32. Thus 
G = PGL,(2) as required. 
LEMMA 4.2. Let D be one of the designs H(ll), D,(2), D,(3) or D,(2). 
Let G be the full automorphism group of D. Assume that G contains elements 
elements g, , g, of order dI , dz , respectively, such that tfn is the number of 
points of D then 
(i) A( g, gJ is an n-cycle, 
(4 01> + 4g2) = n - 1, 
(iii) di>1fori=1,2anddI#d,. 
Then (G, D) satisfies (**) of type (d, , d, : n). 
Proof. Let H be the group generated by g, and g, . Let P be the cyclic 
group generated by g,g, . By (iii) P is not normal in H. In each of the 
possible cases for D, n is a prime. Thus a theorem of Burnside [9, 
Theorem 25.21 implies that H is doubly transitive. Hence H = G by 
Lemma 4.1 and the result follows. 
Throughout this section the following well-known formula will be 
used frequently. See for instance [2, Section 21. 
Let C, , C, , C, be conjugate classes of the finite group G. Let x1 , xz ,... 
be all the irreducible characters of G. Let g, E C, and let P(C, , C, , C,) be 
the number of ordered pairs (g, , gJ with gi E Ci for i = 1, 2 such that 
glg2 = g3 . Then 
F(C, ) c2 ) C,) = 1 “; 1; ;“2 I c Xikl) x;$’ Xik3) . 
3. 1 
In view of Theorem 1 there is no loss of generality in defining two types 
(4 ,..., d, : n) and (d,‘,..., d,’ : n) to be distinct if and only if the unordered 
sets {di} and {di’) are distinct. 
LEMMA 4.3. (PSL,(ll), H(11)) satisfies (**) of type (2, 3 : 11) and no 
other type. 
Proof. Let g, , g, be elements of PSL,(l 1) or order 2, 3, respectively. 
It is easily seen that 8(gl) = 4 and 8(g2) = 6. The character table of 
PSL,(l 1) shows that for a suitable choice of g, and g, it follows that 
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g,g, has order Il. Hence (PsL,(l I), H(11)) satisfies (**) of type (2, 3 : 11) 
by Lemma 4.2. 
Suppose that (PsL,(ll), H(11)) satisfies (**) of type (dl ,..., d, : 11). 
Since e(g) 3 4 for all g E PsL,(ll), g f I it follows that s = 2. As 
e(g) > 6 in case g has order d > 2 and e(g) > 6 in case g has order 
d > 3 it follows that dl = 2 and d2 = 3. 
LEMMA 4.4. (PGL,(2), D,(2)) satisfies (**) of types (2, 3 : 7), (2,4 : 7), 
(2, 2, 2 : 7) and no other type. 
Proof. There is only one conjugate class of cyclic subgroups of any 
order in PGL,(2) = Z,(2). The following table is easily verified: 
Furthermore l(g) > 5 if g has order d > 4. Thus the only possible types 
are the ones stated in the lemma. The character table of SL,(2) shows that 
there exist ordered pairs of elements (g, , gz) or order (2, 3) and (2,4) such 
that g,g, has order 7. Hence Lemma 4.2 implies that PGL,(2) satisfies (**) 
of type (2,3 : 7) and (2,4 : 7). Since an element of order 3 is the product 
of two elements of order 2 the proof is complete. 
LEMMA 4.5. (PGL,(3), D,(3)) satisfies (**) of types (2,3 : 13), (2,4 : 13), 
(2, 6 : 13), (2, 2, 2 : 13), and no other type. 
Proof. If g E PGL,(3) = Z,(3) has order other than 1, 2, 3, 4, or 6, 
then t(g) > 8. Furthermore there exists only one conjugate class of cyclic 
subgroups or order 2,4, or 6 and two conjugate classes of cyclic subgroups 
or order 3. The following table may be verified: 
If g, and g, have order 3 with d(g,) = [(g,) = 6 then the character table 
of S&(3) shows that g,g, never has order 13. Thus the only possible types 
are those stated in the lemma. If g, has order 2 then the character table 
of S&(3) shows that there exist elements g, of order 3, 4 or 6 with g,g, 
or order 13. Hence PGL,(3) satisfies (**) of type (2, d : 13) with d = 3, 4 
or 6 by Lemma 4.2. Since an element of order 4 is the product of two 
elements of order 2 in S&(3) the result is proved. 
LEMMA 4.6. (PGL,(2), D,(2)) satisfies (**) of type (2, 4 : 31). 
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Proof. This follows directly from the character table of PGL,(2) = 
and Lemma 4.2. 
The alternating group on 8 letters is isomorphic to PGL,(2). Denote a 
class of the symmetric group on 8 letters by its partition in the usual way. 
A character table of the symmetric group may be found in [7, p. 2671. 
LEMMA 4.7. Following table holds for PGL,(2) where g is in the given 
class :
class ’ 24 i 12, 22 15, 3 I 12, 32 12, 2,4 42 2, 6 
l(g) 4 1 ~ 
1 
6 10 8 10 i 8 10 
Furthermore e(g) > 4 for g in any other class of PGL,(2). 
Proof. Straightforward verification. 
LEMMA 4.8. PGL,(2) satisfies (**) of types (2, 4 : 15) and (2, 2,2 : 15). 
Proof. Let g, = (12)(67)(35)(48), g, = (2345)(78) and let H be the 
group generated by g, and g, . Then g,g2 = (132)(47685) has order 15. 
Suppose that H = PGL,(2) = SL,(2). Then PGL,(2) satisfies (**) of 
type (2,4 : 15) by Lemma 4.7. Furthermore PGL,(2) satisfies (**) of type 
(2, 2, 2 : 15) since g, = h,h, where h, = (23)(45)(16)(78) and h, = (16)(24). 
It remains to show that His the full alternating group on 8 letters. 
Let h = (12). Then h-lg,h = g,, h-1(g,g2)3 h = (g1g2)3 and 
h-1(g,g2)5 h = (g,g2)-5. Thus h normalizes H which is generated by g, , 
(g1g2)3, and (g,g,)5. Hence it suffices to show that the group H, generated 
by Hand h is the full symmetric group. The elements g;“hgzi yield (li) for 
i = 2, 3, 4, 5. The elements (g,g2)-3(14)(g1g2)3 yield (Ii) for i = 6, 7, 8. 
Thus H,, is the symmetric group on 8 letters. 
LEMMA 4.9. PGL,(2) satisfies (**) of type (2,6 : 15). 
ProoJ Let g, = (12)(345678), g, = (13)(46)(58)(27). Then g,g, = 
(17548)(236) has order 15. Let H be the group generated by g, 
and g, . By Lemma 4.7 it suffices to show that H = PGL,(2). Since 
g;1(g,g2)5 g, = (174), H contains the full alternating group on (14578) 
generated by (174) and (g,g2)3. Conjugating by g, shows that H 
also contains the full alternating group on (23568). Thus (1478235) = 
(514)(578)(523) is in H. Hence H contains the alternating group on 7 
letters as a proper subgroup. Therefore H = PGL,(2). 
LEMMA 4.10. PGL,(2) does not satisfy (**) of type (2, 3 : 15). 
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Proof. Suppose that PGL,(2) satisfies (**) of type (2, 3 : 15). Then by 
Lemma 4.7 PGL,(2) is generated by g, and g, with g, in the class Ci for 
i = 1, 2 where either (C, , C,) = (24, 153) or (1222, 1232) and g,g, has 
order 15. Let C, be the class in the symmetric group on 8 letters which 
contains elements of order 15. The character table of the symmetric group 
shows that F(2*, 153, C,) = 0 and F(1222, 1232, C3) = 5. Let HI be the 
alternating group on { 1,2, 3) and let H, be the alternating group on 
(45678). It may be assumed that g,g, = (123)(45678). There exist 5 
ordered pairs h, , h, with hi in HI x H, for i = 1, 2 such that 
h,h, = (123)(45678) with h, in 1222 and h, in 1232. Hence there are no 
other elements in the symmetric group satisfying these conditions. There- 
fore g, and g, generate a proper subgroup of PGL,(2). 
LEMMA 4.11. Let H be a subgroup of PSL,(4) such that 7 / / H / and a 
Sylow 7-group of H is not normal in H. Then H is isomorphic to PSL,(2), 
PSL,(4) or the alternating group on 7 letters. 
Proof. Let P be a Sylow 7-group of H. Let N be the normalizer of P 
in H. Then P is self centralizing and 1 N : P / = 1 or 3. 
Suppose that H contains a normal subgroup H,, of order prime to 7. 
Since P is self centralizing it follows that for any prime q the order of a 
Sylow q-group of H,, is congruent to 1 modulo 7. Since / HO I I PSL,(4) = 
26 . 32 . 5 . 7 one has that 1 H,, / = 8 or 64. In eithr case HOP is iso- 
morphic to its inverse image in Z,(4) and so has a faithful 3 dimensional 
representation over the field of 4 elements. The degree of a faithful 
representation of P over the field of 4 elements is at least 3. Thus this 
representation of HOP is irreducible and so has H,, in its kernel. Thus 
HO = (1). 
Suppose that H is not simple. Let HI be a normal subgroup of H with 
HI # (1). By the previous paragraph P C HI . If N $ HI then a theorem of 
Burnside implies that HI has a normal subgroup of index 7 which is 
necessarily normal in H. By the previous paragraph this implies that 
P = HI is normal in H contrary to assumption. Thus N c HI . The 
Sylow theorems imply that H = H,N. Hence H = HI as required. 
Furthermore 1 N : P I = 3. 
Assume that H # PSL,(4). Then Sylow’s theorem implies that 
I PSL,(4) : H / = 1 (mod 7). Hence I H j is one of 21 .8,21 . 120,21 .64, 
or 21 . 15. There is no simple group of order 21 . 15. If I H [ = 21 . 64 
then His a parabolic subgroup of PSL,(4) and so has a non-trivial normal 
subgroup. Thus I H / = 21 .8 or 21 . 120. The only simple groups of 
these orders are PSL,(2) and the alternating group on 7 letters, respectively. 
LEMMA 4.12. PrL,(4) satisfies (**) of type (2, 4 : 21). 
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Proof. There exists a unique class C, of elements of order 2 in PrL,(4) 
which is not in PGL,(4) and a unique class C, of elements of order 4 in 
PrLJ4) which is not in PGL,(4). Let C, be a conjugate class of elements 
of order 21 in PI’L,(4). The character table of PrL,(4) [8, p. 2341 implies 
thatF(C,,C,,C,)=21. Letg,ECjfori=1,2suchthatg,g,EC,. 
Let G be the group generated by g, and g, and let H = G n PSL,(4). It 
remains to show that G = PrL,(4). If H = PSL,(4) this is clear since G 
contains an element of order 21 and G I PGL,(4). 
Suppose that H # PSL,(4). By Lemma 4.11 H is isomorphic to either 
PSL,(2) or the alternating group on 7 letters. In either case H does not 
have an outer automorphism of order 3. Let G, = G n PGL,(4). Then His 
a normal subgroup of G, of index 3. Hence an element of order 3 in G, 
centralizes H. However the character table of PrL,(4) shows that in 
neither case does 1 H / divide the order of a centralizer for an element of 
order 3. 
5. THE PROOF OF THEOREM 3 
LEMMA 5.1. Let p be a prime and let q = pe for some positive integer e. 
Let k be an integer with k > 2. If K is a cyclic subgroup of PrLk+l(q) with 
I K 1 = (qL+l - l)/(q - 1) then KC PGL,+,(q). 
Proof. It is well known that unless p = 2 and e(k + 1) = 6 there 
exists a prime which divides ~~(~+l) - 1 and does not divide pj - 1 for any 
j with 0 <j < (k + 1) e. Thus any cyclic subgroup of PF’Lkfl(q) of 
order 1 K 1 is the centralizer of a Sylow group of PrLle+l(q). Hence any 
two cyclic subgroups of order I K / are conjugate in PFLk+l(q) and so must 
be in PGL,+,(q). Suppose that p = 2 and e(k + 1) = 6. If e = 1 then 
PrK,+,(q) = PGL,+,(q). If e = 2 then any cyclic subgroup of order 63 
is the centralizer of a Sylow 7-group of PrL,(4) and so must be contained 
in PGL,(4). 
LEMMA 5.2. Suppose that D is a design and G is a group of auto- 
morphisms of D. If (G, D) satis$es (**) of type (dl , dz : n) then either 
dl > 2 or d, > 2. 
Proof. Suppose that (G, D) satisfies (**) of type (2, 2 : n). Then G is 
a dihedral group of order 2n which has a doubly transitive permutation 
representation on n letters. Hence n = 3 and G is the symmetric group on 
3 letters. It is easily seen that in this case G does not satisfy (*). 
Proof of Theorem 3. Let G be a subgroup of PI’Lk+l(q) for some prime 
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power q and some integer k > 2. Let G be the inverse image of G in 
l&+,(q). Suppose that (G, D,(q)) satisfies (**) of type 
t d 1 ,..., d, : “;I; ’ ). 
LetgibeelementsofGfori = l,..., s where gi has order di , G is generated 
by Sl ,..., g, , 4g, ... g,) is a cycle of length (qk+l - l)/(q - I) and 
where A is the permutation representation of G on the points of D,(q). 
By Theorem 1 s < 3. 
Suppose that s = 2. Let ci = di for i = 1, 2 and let H = G. By 
Lemma 5.2 the hypotheses of Theorem 3.1 are satisfied sinceg, gz generates 
an irreducible cyclic group. 
Suppose that s = 3. If di # 2 for some i, say dl # 2, let c1 = dl and 
let c2 be the order of & g3 . Let H be the group generated by g, and g,g, . 
-- If di = 2 for i = 1,2, 3 then one of the elements & g2 , gz g3 , g,g, cannot 
have order 2 otherwise G would be Abelian. Say gz g3 has order c2 > 2. 
Let c1 = dl = 2 and let H be the group generated by g, and g,g, . Then the 
hypotheses of Theorem 3. I are satisfied also in this case since & g,g, 
generates an irreducible cyclic group. 
Hence to prove Theorem 3 it may be assumed by Theorem 3.1 that D 
is one of the designs H(1 I), D,(q) with q = 2, 3, or 4, D,(2), or D,(2). If D 
is H(ll), D,(2), or D,(3) the result follows from Lemmas 4.1, 4.3, 4.4, 
and 4.5. 
Suppose that D = D,(2). By Lemma 4.1 G = PGL,(2). If s = 3 
then dl = d, = d, = 2 by Lemma 4.7. Ifs = 2 the result follows from 
Theorem 3.1 and Lemma 4.10. 
Suppose that D = D,(2). Then G = PGL,(2) by Lemma 4.1. If s = 2 
the result follows from Theorem 3.1. Furthermore Theorem 3.1 implies 
that if s = 3 then /(gJ = 12 and /(gzg,) = 18 or /(g,) = 18 and 
e(g,g,) = 12. If g E G, g # 1 then either g has order 2 with a 4 dimensional 
space of invariant vectors and so e(g) = 8 orf(g) < 7 and so e(g) 2 12. 
Hence /( g,g,) f 12 or 18 for any g, , g, E G, g, # 1, g, f 1. Thus G 
cannot satisfy (**) of type (4 , d2 , da : 31). 
Suppose finally that D = D,(4). By Lemma 4.1 G = PGL,(4) or 
PJX,(4). If s = 2 then Case (III) of Theorem 3.1 must occur so that 
G = PrL,(4) and the result follows from Theorem 3.1. Thus it may be 
assumed that s = 3. 
Suppose that G C PGL,(4). If di > 2 for some i let g = gjgj, where 
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{i, j, j’} = (1, 2, 3). By Theorem 3.1 the group generated by gi and g is in 
R&(4) and so gi E R&(4). If di = 2 then & E P%,(4) since 
1 PGL,(4) : PSL,(4)I = 3. Hence in any case gi E R%&(4) and so 
G C R%,(4) contrary to Lemma 4.1. 
Thus G g PGL,(4). It may be assumed that g, E GL,(4) and gi 9: GL,(4) 
for i = 2,3. By Theorem 3.1 /(gi) 3 7 for i = 2 or 3. Thus /(g,) < 6 
and so m(g,) < 12. However if g E G&(4), g # 1 then it is easily seen that 
f(g) < 6 and so nz(g,) > 15. 
The proof of Theorem 3 is complete. 
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